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Abstract
We discuss the quantization of a scalar field in three-dimensional asymptotic de Sitter
space. We obtain explicit expressions for the Noether currents generating the isometry
group in terms of the modes of the scalar field and the Liouville gravitational field. We
extend the SL(2,C) algebra of the Noether charges to a full Virasoro algebra by introducing
non-local conserved charges. The Virasoro algebra has the expected central charge in the
weak coupling limit (large central charge c = 3l/2G, where l is the dS radius and G is
Newton’s constant). We derive the action of the Virasoro charges on states in the boundary
CFT thus elucidating the dS/CFT correspondence.
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1 Introduction
As recent astronomical data suggest [1], we live in a Universe of positive cosmological con-
stant. It is therefore imperative that one understand asymptotic de Sitter spaces. Even
though a string theoretical understanding of de Sitter spaces at a quantum level is still a
challenge, there has been significant progress in our understanding of the dS/CFT corre-
sponence [2–8]. As was argued by Strominger [2], states in the bulk de Sitter space are
holographically dual to corresponding states on the CFT at the asymptotic boundary I−
(infinite past). Further evidence of this duality was presented in [4]. In three dimensions,
the asymptotic symmetry group is infinite-dimensional, matching the conformal group on
I−. The central charge was computed in parallel with the AdS case [9, 10] and found to be
c =
3l
2G
(1)
where l is the dS radius and G is Newton’s constant. This expression was shown to be in
agreement with a CFT calculation on the boundary of dS [5–7]. The CFT is a Euclidean
Liouville theory and describes the asymptotic dynamics of three-dimensional gravity with
a positive cosmological constant. Incorporating matter fields does not alter the central
charge, however the matter fields do contribute by renormalizing the coupling constant.
Understanding the CFT dynamics in the presence of matter fields is a challenge.
Here we aim at further elucidating the dS/CFT correspondence for massive scalar fields
in three dimensions. Extending the results of ref. [4], we obtain explicit expressions for all
Noether charges generating the dS3 isometry group in terms of the modes of the scalar field
and the Liouville gravitational field. These are semi-classical expressions valid in the weak
coupling limit (large central charge). Quantum corrections may then be calculated using
perturbation theory. We then extend the algebra of isometries to a full Virasoro algebra by
introducing non-local conserved charges for the massive field (their Liouville gravitational
field counterparts have already been discussed in [5]). We discuss the action of the Virasoro
generators on the boundary CFT states.
Our discussion is organized as follows. We start in section 2 by sketching the derivation
of the salient features of pure three-dimensional gravity [11, 12] whose asymptotic dynamics
is described by a Euclidean Liouville theory [5–7]. In section 3, we introduce a massive scalar
field. Using static coordinates in dS3, we expand it in modes in the southern and northern
diamonds, respectively. We also obtain its asymptotic form on the dS boundary, I−. In
section 4, we express the Noether charges in terms of the modes of the massive field. We
find expressions which may be easily extended to yield a full Virasoro algebra. The new
charges are conserved and non-local. We show that their central charge vanishes classically.
We also obtain the action of the Virasoro generators on the boundary fields. In section 5, we
discuss the quantization of the system. We obtain semi-classical expressions of the Virasoro
operators which form an algebra of central charge given by (1) in the weak coupling limit
(c ≫ 1). We discuss their action on states built from the Euclidean vacuum which is dual
to the SL(2,C) invariant CFT vacuum on the boundary. Finally, in section 6, we briefly
summarize our conclusions.
2 Asymptotic de Sitter space
In this section we discuss the salient features of pure three-dimensional gravity with a
positive cosmological constant. Our discussion is based mostly on refs. [5–7]. de Sitter space
2
emerges as a classical solution. We shall parametrize the metric using planar coordinates
ds2dS = −
dτ2
τ2
+ τ2dzdz¯ (2)
henceforth setting the dS radius
l = 1 . (3)
Three-dimensional gravity is derivable from the Chern-Simons action [11, 12]
S = − i
16piG
∫
Tr
(
A ∧ dA+ 2
3
A ∧A ∧A
)
+
i
16piG
∫
Tr
(
A¯ ∧ dA¯+ 2
3
A¯ ∧ A¯ ∧ A¯
)
(4)
The metric can be obtained from the SL(2,C) vector potentials
Aµ = A
a
µτa , A¯µ = A¯
a
µτa, (5)
where τa are the SL(2,C) generators
τ0 =
1
2
( −i 0
0 i
)
, τ1 =
1
2
(
0 1
1 0
)
, τ2 =
1
2
(
0 −i
i 0
)
. (6)
with the normalization condition
tr(τaτb) =
1
2
ηab. (7)
It is advantageous to switch to the new basis
τ± =
1
2
(τ1 ∓ iτ2) , τ+ = 1
2
(
0 0
1 0
)
, τ− =
1
2
(
0 1
0 0
)
. (8)
We can express the vector potential in the new basis explicitly as
Aµ =
1
2
( −iA0µ A−µ
A+µ iA
0
µ
)
, (9)
and similarly for A¯µ.
The metric expressed in terms of the vector potential is given as
gµν = −1
2
tr(Aµ − A¯µ)(Aν − A¯ν). (10)
For asymptotic de Sitter space, we need
gzz¯ =
τ2
2
+ o(1) , gzz = o(1) , gττ = − 1
τ2
+ o(τ−4) , gzτ = o(τ−3). (11)
We can solve the equations of motion for the vector potential, plug the solutions into (10),
and get explicit corrections to the asymptotically de Sitter metric. The equations of motion
from the action (4) yield
Aµ = G
−1∂µG , A¯µ = G¯−1∂µG¯ (12)
where
G = g(z)M , G¯ = g¯(z¯)M−1 , M =
(√
τ
0
0
1/
√
τ
)
. (13)
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The only dynamical variable is gˆ = g−1g¯. We obtain the components
Aτ = −A¯τ = 1
2τ
(
1 0
0 −1
)
, Az¯ = A¯z = 0 , (14)
and
Az = −M−1∂z gˆgˆ−1M , A¯z¯ =Mgˆ−1∂z¯ gˆM−1. (15)
Decomposing gˆ a` la Gauss (including an appropriate normalization factor),
gˆ = e−
√
2GΩ
(
e2
√
2GΩ +XY X
Y 1
)
. (16)
we obtain
Az =M
−1
( √
2G∂zΩ+ e
−2√2GΩX∂zY ∂zX − 2
√
2GX∂zΩ− e−2
√
2GΩX2∂zY
e−2
√
2GΩ∂zY −
√
2G∂zΩ− e−2
√
2GΩX∂zY
)
M.
(17)
and similarly for A¯z¯. All three fields X, Y and Ω are independent of the τ coordinate.
Demanding asymptotic de Sitter space leads to constraints on X and Y of the form
X = i
√
2G∂zΩ , Y = −i
√
2G∂z¯Ω
e−2
√
2GΩ∂z¯X = i , e
−2√2GΩ∂zY = −i . (18)
Using these constraints we arrive at explicit expressions for the SL(2,C) fields solely in
terms of the field Ω
Az =
(
0 2iGτ Θzz
−iτ 0
)
, A¯z¯ =
(
0 iτ
−2iGτ Θz¯z¯ 0
)
, (19)
where off-diagonal elements are proportional to the stress-energy tensor of a linear dilaton
theory given by
Θzz = (∂zΩ)
2 − 1√
2G
∂2zΩ , Θz¯z¯ = (∂z¯Ω)
2 − 1√
2G
∂2z¯Ω , (20)
The constraints (18) imply that the field Ω obeys the Liouville equation
∂z∂z¯Ω =
1√
2G
e2
√
2GΩ.
Noether charges for the linear dilaton theory are given by
Ln =
∮
C
dz
2pii
zn+1Θzz , L¯n = −
∮
C
dz¯
2pii
z¯n+1Θz¯z¯ (21)
These charges form Virasoro algebras with central charge
c =
1
4
+
3
2G
≈ 3
2G
. (22)
in agreement with (1) for l = 1 (in the limit G ≪ 1). The contour C may be viewed as
residing on the boundary of dS3. For n = −1, 0, 1, they form a SL(2,C) algebra. In the
4
latter case, they are related to bulk expressions involving the stress-energy tensor Tµν [10]
by a conservation law [4]
Ln =
∫
ΣC
d2ΣµTµνζνn , n = −1, 0, 1 (23)
where ζνn is the corresponding Killing vector and ΣC is a two-dimensional surface in dS3
whose boundary is the curve C (similarly for L¯n).
Using the explicit form of the vector potential and eq. (10), we arrive at an explicit
expression for the metric on an asymptotic de Sitter space,
gzz¯ =
τ2
2
+
2G2
τ2
ΘzzΘz¯z¯ , gzz = −2GΘzz , gz¯z¯ = −2GΘz¯z¯ , gττ = − 1
τ2
, gzτ = gz¯τ = 0 ,
(24)
clearly satisfying the requirement (11).
3 Scalar Field
Next, we consider a massive scalar field Φ of mass m living in three-dimensional de Sitter
space (dS3). It is advantageous to parametrize dS3 using static coordinates,
ds2dS = −(1− r2)dt2 +
dr2
1− r2 + r
2dθ2 (25)
instead of the planar coordinates (2) used in the pure gravitational case. The two coordinate
systems are related by a conformal transformation near the boundary I− (infinite past,
r, τ →∞) [4],
z = e−iw , w = θ + it (26)
The field Φ obeys the wave equation
1
r
∂r
(
r(1− r2)∂rΦ
)− 1
1− r2∂
2
tΦ+
1
r2
∂2θΦ = m
2Φ . (27)
Following ref. [4], we shall solve this equation in the northern and southern diamonds
corresponding to the range 0 ≤ r < 1 and then analytically continue the solution beyond
these domains aiming at reaching the boundary I− which belongs to the past triangle. We
shall present details for the southern diamond; the discussion in the northern diamond is
similar.
A complete set of positive frequency solutions in the southern diamond is provided by
the wavefunctions
φSωj = Aωjfωj(r)e
−iωt+ijθ , (28)
where fωj obeys the radial equation
(1− r2)f ′′ωj +
(
1
r
− 3r
)
f ′ωj +
(
ω2
1− r2 −
j2
r2
−m2
)
fωj = 0. (29)
and we have included a normalization constant Aωj , to be determined. A solution of (29)
which is regular at r = 0 is given by
fωj = r
|j|(1− r2)iω/2 F (a+, a−; c; r2) , a± = 1
2
(iω + |j| + h±) , c = 1 + |j| , (30)
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where
h± = 1± iµ , µ =
√
m2 − 1 , m2 > 1 . (31)
The choice of normalization constant
Aωj = e
ipi|j|/2 Γ(
1
2(iω + |j|+ h+))Γ(12 (−iω + |j|+ h+))
Γ(1 + |j|) (32)
yields an orthonormal set of wavefunctions,
〈φSωj |φSω′j′〉 =
1
2 sinh piω
δ(ω − ω′)δj,j′ , (33)
under the inner product
〈φ|χ〉 = 1
2
∫
ΣS
rdrdθ
1− r2 φ
∗ ↔∂t χ, (34)
where we are integrating over a spacelike hypersurface ΣS (t = const.) in the southern
diamond (0 ≤ r < 1, 0 ≤ θ < 2pi).
It is useful to find expressions of the negative frequency eigenfunctions in terms of
the positive frequency ones (28). Using the transformation properties of hypergeometric
functions, one can show that
φS∗ωj = e
2iϑωjφS−ω−j , e
2iϑωj = (−)|j| Γ(
1
2(iω + |j|+ h−))Γ(12 (−iω + |j|+ h−))
Γ(12(iω + |j|+ h+))Γ(12 (−iω + |j|+ h+))
. (35)
This is a phase factor (ϑωj ∈ R) for frequencies ω along the real and imaginary axes. Notice
also that ϑ−ω j = ϑωj = ϑω −j. It is of interest to note that ϑωj may also be expressed in
terms of j as
e2iϑωj = (−)j Γ(
1
2 (iω + j + h−))Γ(
1
2 (−iω + j + h−))
Γ(12 (iω + j + h+))Γ(
1
2 (−iω + j + h+))
. (36)
This is obvious for j > 0. For j < 0, it follows from standard Gamma function identities.
A general solution of the wave equation (27) in the southern diamond may be expanded
as
ΦS(t, r, θ) =
∞∑
j=−∞
∫ ∞
0
dω
(
αSωjφ
S
ωj + α
S†
ωjφ
S∗
ωj
)
, (37)
This may also be written as a single integral over the entire real ω-axis as
ΦS(t, r, θ) =
∞∑
j=−∞
∫ ∞
−∞
dω αSωjφ
S
ωj , (38)
where the negative frequency modes are given by
αS−ω −j = e
2iϑωjαS†ωj (39)
on account of (35). These modes are related to the annihilation operators in [4] by
αSωj =
√
sinhpiω aSωj , ω > 0 (40)
due to our choice of normalization condition (33). They obey the commutation relations
[αSωj , α
S
ω′j′ ] = sinhpiω e
2iϑωj δ(ω + ω′)δj+j′,0 (41)
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Strictly speaking, since we are discussing the classical theory, the above should be inter-
preted in terms of Poisson brackets,
[A,B] ≡ i{A,B}P.B. (42)
Eq. (41) also holds quantum mechanically, after the modes αSωj are promoted to operators.
At slight risk of confusion, we shall use the notation (42) invariably, pointing out the
potential changes under quantization, as needed.
We may use Kruskal coordinates to go beyond the horizon (r = 1) and into the past
triangle whose boundary is I− (r →∞). The eigenfunctions in the southern diamond may
then be written as linear combinations of eigenfunctions in the past triangle [4]. After some
algebra, one obtains for the general wavefunction (38)
ΦS(r, t, θ) = ΦS+(r, t, θ) + ΦS−(r, t, θ) (43)
where
ΦS−(r, t, θ) =
∞∑
j=−∞
∫ ∞
−∞
dω
sinhpiω
αSωjφ
−
ωj ,
ΦS+(t, θ) = ΦS−†(t, θ) , (44)
and
φ−ωj = Bωj r
−h−
(
1− 1
r2
)iω/2
F (bωj , bω −j ;h−;
1
r2
)e−iωt+ijθ, (45)
Bωj = iΓ(iµ) sin
pi
2
(−iω + j + h−) , bωj = 1
2
(iω + j + h−) . (46)
In deriving the above, we used i|j| sin
(
pi
2 |j|+ λ
)
= sin
(
pi
2 j + λ
)
in order to express the
wavefunction entirely in terms of j rather than its absolute value, |j|.
Near the boundary I−, we have
ΦS±(r, t, θ) ∼ Ψ
S+(t, θ)
rh+
+
ΨS−(t, θ)
rh−
, (47)
where the boundary wavefunctions are
ΨS−(t, θ) =
∞∑
j=−∞
∫ ∞
−∞
dω
sinhpiω
Bωj α
S
ωj e
−iωt+ijθ ,
ΨS+(t, θ) = ΨS−†(t, θ) . (48)
Similar expressions hold for boundary wavefunctions ΨN±(t, θ) derived from the northern
diamond.
4 Symmetries and Corresponding Charges
The group of isometries of de Sitter space in three dimensions is generated by the Killing
vectors
ζ0 =
1
2
(∂t + i∂θ),
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ζ±1 =
1
2
e±(t−iθ)
[ ∓r√
1− r2∂t −
√
1− r2
(
∂r ∓ i
r
∂θ
)]
,
ζ¯0 =
1
2
(∂t − i∂θ)
ζ¯±1 =
1
2
e±(t+iθ)
[ ∓r√
1− r2∂t −
√
1− r2
(
∂r ± i
r
∂θ
)]
, (49)
forming a SL(2,C) algebra,
[ζn, ζm] = (n−m)ζn+m , [ζ¯n, ζ¯m] = (n−m)ζ¯n+m , n,m = −1, 0, 1 (50)
We can easily construct the corresponding Noether currents and charges,
Qn =
∫
Σ
d2Σ j0n , j
µ
n = g
µνTναζ
α
n , (51)
where
Tµν = ∂µΦ∂νΦ− gµνL , L = 1
2
gρσ∂ρΦ∂σΦ− 1
2
m2Φ2 (52)
and similarly for Q¯n. Henceforth, we shall concentrate on the southern diamond and find
the corresponding charge QSn by choosing Σ = Σ
S , as in eq. (34). The analysis of QNn on
the northern diamond is similar. The total charge is
Qn = Q
S
n +Q
N
n (53)
If we integrate by parts and use the wave equation (27), we can massage (51) into the form
QSn = 〈ΦS |ζnΦS〉 , (54)
where the inner product is defined in (34). The Killing vectors ζn act on the eigenstates
φSωj (eq. (28)) in a particularly simple manner,
ζnφ
S
ωj =
1
2
(iω + j − nh−)φSω+in,j−n , n = −1, 0, 1 . (55)
This is partly due to our judicious choice of normalization constant (32) and is shown using
standard hypergeometric function identities. Remarkably, eq. (55) is independent of the
sign of j, even though its derivation follows different paths in the two cases, j > 0 and
j < 0, respectively. We may use it, together with the orthogonality conditions (33), to
express the Noether charges (54) in terms of creation and annihilation operators. To arrive
at such an expression for QSn, let us first write it in the form
QSn =
1
2
∞∑
j=−∞
∫ ∞
−∞
dω αSωj 〈ΦS |ζnφSωj〉 (56)
Using (55), this can be written as
QSn =
1
2
∞∑
j=−∞
∫ ∞
−∞
dω (iω + j − nh−)αSωj 〈ΦS |φSω+ni j−n〉 (57)
Stifting ω → ω − ni, j → j + n, yields
QSn =
1
2
∞∑
j=−∞
∫ ∞
−∞
dω (iω + j + nh+)α
S
ω−ni j+n 〈ΦS |φSωj〉 (58)
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The inner products may be easily evaluated by expanding Φ in modes (eq. (38)). Using the
orthogonality relation (33), we obtain
QSn =
1
4
∞∑
j=−∞
∫ ∞
−∞
dω
sinhpiω
(iω + j + nh+)α
S
ω−ni j+n α
S†
ωj (59)
Shifting back ω → ω + ni, j → j − n, we obtain the equivalent expression
QSn =
1
4
∞∑
j=−∞
∫ ∞
−∞
dω
sinhpiω
(iω + j − nh−)αSωj αS†ω+ni j−n (60)
The above expressions are deceptively simple; their complexities are revealed in eqs. (39)
and (36). Remarkably, even though they have been derived for n = −1, 0, 1 as generators
of isometries, they are well-defined for all n ∈ Z. One may be tempted to use this fact to
extend the SL(2,C) algebra of isometries to an infinite-dimensional algebra of the conserved
charges QSn (n ∈ Z). Unfortunately, these charges do not form a closed algebra.
To remedy this, let us split the integral (60) into positive and negative frequencies,
QSn = Q
S+
n +Q
S−
n (61)
Using eq. (39), we may write QS−n in terms of positive frequencies as
QS−n =
1
4
∞∑
j=−∞
∫ ∞
0
dω
sinh piω
(iω + j + nh−)e2i(ϑωj−ϑω−ni j+n)α
S†
ωj α
S
ω−ni j+n (62)
It is straightforward to deduce from the definition (36),
(iω + j + nh−)e2i(ϑωj−ϑω−ni j+n) = (−)n(iω + j + nh+) , n = −1, 0, 1 (63)
It is worth mentioning that eq. (63) does not hold for any other n ∈ Z. It follows that
QS−n =
1
4
∞∑
j=−∞
∫ ∞
0
dω
sinhpiω
(iω + j + nh+) α
S†
ωj α
S
ω−ni j+n (64)
for n = −1, 0, 1. Shifting ω → ω+ni, j → j−n yields an expression which matches the one
for QS+n , as is evident from eq. (60). However, we need to exercise care in this shift, since
the integral is over the positive real ω-axis. The shift amounts to a contour deformation in
the complex ω-plane and yields an additional contribution (see fig. 1 for n = 1; n = −1 is
similar; for n = 0 we have δQS0 = 0, trivially),
δQSn =
1
4
∞∑
j=−∞
∫ n
0
dλ
sinpiλ
(−λ+ j + nh+) αS†iλj αSi(λ−n) j+n (65)
This can be seen to vanish by reflecting λ→ n− λ, j → −j − n. Using eqs. (39) and (63),
we deduce δQSn = −δQSn , and therefore,
δQSn = 0 (66)
Thus, we arrive at a modified expression
QSn =
1
2
∞∑
j=−∞
∫ ∞
0
dω
sinh piω
(iω + j − nh−) αS†ω+ni j−nαSωj (67)
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0 Reω
Imω
Figure 1: Contour deformation for QS−n (eq. (64)) for n = 1. δQ
S
n (eq. (65)) corresponds to an
integral over the segment C2.
which agrees with (60) for n = −1, 0, 1. We have been cavalier about ordering of modes,
since we are discussing classical expressions. We shall use eq. (67) for all n ∈ Z. These
conserved charges form a closed algebra. It is a straightforward exercise to show that they
form a Virasoro algebra,
[QSm, Q
S
n ] = (m− n)QSm+n , (68)
with vanishing classical central charge.
Next, we investigate how the charges act on a scalar field in three-dimensional de Sitter
space. In the bulk (southern diamond) a short calculation shows that the charges act on
the scalar field as
[QSn,Φ
S ] = ζnΦ
S , n = −1, 0, 1, (69)
where ζn are the Killing vectors defined in (49), as expected. For all other n, we obtain
non-local expressions, since the corresponding charges do not generate local symmetries.
Near the boundary I−,
[QSn,Ψ
−] = ξn
∞∑
j=−∞
∫ ∞
−∞
dω
sinhpiω
FnωjBωj αSωj e−iωt+ijθ , (70)
where
ξn =
1
2
e−niw(∂w − nh−) , ∀n ∈ Z (71)
generate conformal transformations on the boundary with w = θ + it (eq. (26)), obeying
the algebra
[ξm, ξn] = (m− n)ξm+n (72)
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and
Fnωj =


1 , ω ≥ 0
iω+j−nh−
iω+j−nh+ e
2i(ϑωj−ϑω+in j−n) , ω < 0
(73)
It is easy to see from eq. (63) that
Fnωj = 1 , ∀ω ∈ R , n = −1, 0, 1 (74)
therefore,
[QSn ,Ψ
+] = ξnΨ
+ , n = −1, 0, 1 (75)
For other n, we may perform a high-frequency expansion. Using eq. (36), we obtain
Fnωj = 1 + o
(
(iω + j)−1
)
, (76)
therefore
[QSn,Ψ
+] = ξnΨ
+ + . . . , (77)
where the corrections vanish at short distances.
5 Quantization
The full quantum theory includes interactions between the scalar field (in general, matter
fields) and the gravitational field. In the weak coupling limit (in which we are working),
interactions may be ignored. It is often stated that matter fields do not contribute to
the central charge, the latter being given by (1). However, the matter fields renormalize
Newton’s constant, hence also alter the central charge of pure gravity through (infinite)
renormalization. For example, the component Tzz of the scalar field stress-energy tensor in
de Sitter space with metric (2) is modified to
Tzz = (∂zΦ)
2 +GΘzzL , L = 1
2
gµν∂µΦ∂νΦ− 1
2
m2Φ2 (78)
when the metric is perturbed as in (24), and similarly for Tz¯z¯. The vacuum expectation
value of the modification is proportional to 〈L〉 and contributes an infinite renormalization
to the gravitational field Ω. Thus, in the quantum theory, the stress-energy tensor of the
matter fields cannot be separated in a meaningful way from the stress-energy tensor of
the gravitational field. Consequently, the Noether charges Qn (n = −1, 0, 1) cannot be
independently defined. The physical quantities are
Qn = Qn + Ln = QSn +QNn + Ln (79)
where Ln is given in bulk form (23), or by its equivalent boundary expression (21). When
extended to all n ∈ Z, the above conserved charges form a Virasoro algebra of central charge
given by (22).
On the other hand, because of symmetry, the infinities arising in QS,Nn in the southern
and northern diamonds, respectively, match each other. Consequently, the charges
Rn = QSn −QNn (80)
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are well-defined and form a Virasoro algebra of vanishing central charge,
[Rm,Rn] = (m− n)Rm+n (81)
in the semiclassical approximation we are working in.
We can build the Hilbert space by acting with creation operators on the product of the
three vacuum states corresponding to the southern and northern diamonds (|0〉S,N ) and the
Liouville field Ω (|0〉Ω), defined respectively by
αSωj |0〉S = 0 , αN−ω j |0〉N = 0 , ω > 0 (82)
Let us define the gravitational vacuum state |0〉Ω as the SL(2,C) vacuum state satisfying
Ln|0〉Ω = L¯n|0〉Ω = 0 , n ≥ −1 (83)
On the matter side, the SL(2,C) invariant vacuum state is the Euclidean vacuum state
defined by
|E〉 = CE exp


∞∑
j=−∞
∫ ∞
0
dω
e2piω − 1 e
−2iϑωj αS−ω −jα
N
ωj

 |0〉S ⊗ |0〉N (84)
where we have included an (infinite) normalization constant, CE . Both α
S
−ωj and α
N
ωj are
creation operators for ω > 0, acting on the vacuum states |0〉S,N , respectively. This state
is annihilated by the appropriately normalized annihilation operators
βωj =
1√
2 sinhpiω
(epiω/2αSωj − e−piω/2αNωj) , ω ∈ R (85)
It should be emphasized that these are annihilation operators, for both positive and negative
frequencies. They satisfy the commutation relations (cf. eq. (41))
[βωj , β
†
ω′j′ ] = sinhpiω δ(ω − ω′)δjj′ (86)
We may express the ‘bulk’ α-modes in terms of the Euclidean β-modes by inverting (85).
We obtain
αSωj =
1√
2 sinh piω
(epiω/2βωj − ie−piω/2e2iϑωjβ†−ω −j)
αNωj = −
1√
2 sinh piω
(e−piω/2βωj − iepiω/2e2iϑωjβ†−ω −j) (87)
We may express the charges in terms of α-modes,
Qn = Q
S
n +Q
N
n
=
1
2
∞∑
j=−∞
∫ ∞
0
dω
sinhpiω
(iω + j − nh−)
{
αS†ω+in j−nα
S
ωj − αNω+in j−nαN†ωj
}
(88)
or equivalently in terms of the Euclidean creation and annihilation β-modes,
Qn =
1
2
∞∑
j=−∞
∫ ∞
0
dω
sinh piω
{
(iω + j − nh−) β†ω+in j−nβωj
−(iω + j + nh+) e2i(ϑω−ni j+n−ϑωj) β†−ω+in −j−nβ−ω −j
}
(89)
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after normal ordering. In particular, the generators of the SL(2,C) subalgebra take on a
simple form,
Qn =
1
2
∞∑
j=−∞
∫ ∞
−∞
dω
sinhpiω
(iω + j − nh−) β†ω+in j−nβωj , n = −1, 0, 1 (90)
on account of eq. (63), which however does not hold for any other n. Evidently, all charges
annihilate the Euclidean vacuum,
Qn|E〉 = 0 , ∀n ∈ Z (91)
This implies (from eqs. (79) and (83))
Qn |E〉 ⊗ |0〉Ω = 0 , n ≥ −1 (92)
confirming that this is a SL(2,C) invariant vacuum state for the entire system (matter +
gravity). The other Virasoro generators Rn (eq. (80)) may also be expressed in terms of
the β-modes. They contain terms quadratic in creation operators β† and therefore do not
annihilate the Euclidean vacuum.
The general wavefunction on the boundary is a linear combination of ΨS± (eq. (48))
and its northern counterpart, ΨN±, and can therefore be expressed in terms of the α-modes
or, equivalently, the β-modes. Therefore, all Virasoro generators are expressible in terms
of the modes of boundary wavefunctions, encoding the symmetries of the boundary CFT.
No reference to the southern and northern diamonds in the bulk de Sitter space is needed.
Observables in the bulk may be obtained in terms of the β-modes. It would be desirable
to study them in detail and develop a physical intuition in terms of the boundary CFT
dynamics.
6 Conclusion
We studied the dS/CFT correspondence in three dimensions for a massive scalar field
expanding on the resuls of ref. [4]. We obtained explicit expressions for the generators of
isometries of dS3 and brought them to a form that suggested an extension of the algebra to
an infinite-dimensional Virasoro algebra. We studied the action of the Virasoro generators
on the boundary wavefunctions and discussed quantization based on the Euclidean vacuum.
We showed that the Virasoro algebra could be defined entirely in terms of the dynamics
of the boundary CFT which provided a dictionary for the dS/CFT correspondence. Thus,
dS observables may be understood in terms of corresponding quantities in the boundary
CFT. Further work on the CFT side is needed to develop physical intuition for and better
understand the dS/CFT correspondence.
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